For a two-dimensional electron gas with Coulomb interaction, we have applied the Kadanoff-Baym-Keldysh approach to calculate numerically equilibrium Green's functions at finite temperatures. The method used is based on iterative numerical computation of the retarded self-energy in the self-consistent random-phase approximation approximation. We have computed electron distribution, quasiparticle spectra, and renormalized ͑dynamically screened͒ potential. Our solutions may serve as a self-consistent initial state for quantum kinetics problems in quantum wells. DOI: 10.1103/PhysRevB.63.193302 PACS number͑s͒: 73.21.Ϫb, 05.30.Fk, 71.10.Ca Recently, there has been significant interest in the development of quantum kinetics of interacting electrons.
To find quantum dynamics induced by a short exciting pulse, one has to know the initial state of the system with the same degree of approximation as for the subsequent quantum evolution. The random-phase approximation ͑RPA͒ is the most widely used realistic approximation for the quantum kinetics problem. For the quantum kinetics theory, the RPA should necessarily be self-consistent ͑SC͒, otherwise the local conservation laws for the electron density and energymomentum density are violated. 12 Therefore, the initial state of the system should be found in SC RPA that is also called GW approximation due to the form of the self-energy calculated with the final Green's function G and the full dynamically screened potential W.
In our recent work, 13 we have numerically determined Green's functions in a self-consistent random-phase approximation for a two-dimensional ͑2D͒ gas of electrons with Coulomb interaction at the zero temperature. In the present paper, we have solved a similar problem for finite temperatures. The Green's functions obtained have allowed us to compute a number of one-particle characteristics at different temperatures including electron distribution, one-particle spectrum, dependence of electron density on chemical potential, dynamically screened Coulomb interaction, and spectral function of the electron gas. Apart from this direct result, the Green's functions obtained will serve as initial conditions for our research on quantum kinetics in the future.
To briefly recapitulate the equations and method 13 of solution, we consider a 2D electron system with the Coulomb interaction, where the positive ions are described by a jellium model. The Hamiltonian of the system is
where is the chemical potential, p, pЈ, and q are 2D momentum vectors in the plane of the system, p ϭ p 2 /2m is the one-particle energy, V q ϭ2e 2 /⑀ 0 q is the bare Coulomb interaction potential in 2D momentum representation, ⑀ 0 is the background dielectric constant, and e and m are the electron charge and bare effective mass. All spin indexes are ommited.
We use an iterative process to find the retarded Green's function G r numerically. Given the retarded self-energy ⌺ r (p,), we describe the next iterative step. Using the Dyson equation for the retarded Green's function, we find
where p ϭ p Ϫ. The lesser and greater Green's functions are given by equilibrium relations
where n ϭ͓exp(/T)ϩ1͔ Ϫ1 is the Fermi factor, T is the temperature of the system, and we use the system of units where the Plank and Boltzmann constants are equal unity.
Next, we calculate the electron polarization operator in the RPA ͑bubble͒ approximation, ⌸ϭGG, or in the detailed form
͑4͒
The lesser component of dynamically screened Coulomb potential is given by
where the imaginary part of the polarization operator, Im ⌸ r (p), can be expressed in terms of lesser component,
and the real part Re ⌸ r (p,) can be restored using the Kramers-Kronig relations. The greater component, W Ͼ , can be obtained from Eq. ͑5͒ using a symmetry relation
. To complete the current iteration step, we compute the lesser and greater self-energies in the SC RPA (GW approximation͒ as
͑7͒
Finally, the imaginary part of self-energy is given by
and the real part is found from a dispersion relation
͑9͒
where the distribution function n p is expressed as
The last term in Eq. ͑9͒ is the exchange diagram that is independent yielding the correct asymptotic behavior of Re ⌺ r (p,) for →ϱ. Thus, we have started with ⌺ r ͓see before Eq. ͑2͔͒ and finished with the next-iteration ⌺ r ͓Eqs. ͑8͒ and ͑9͔͒. This closes the iterative procedure.
We have solved numerically the equations of the theory using an iterative procedure as described above. The final electron density of the system is controlled by the chemical potential . At each iteration, the ratio of the temperature T to the Fermi energy F was kept constant, where we define Fermi energy by F ϵ1/(2m)͐n(p)d 2 p. One can convince oneself that all dimensionless quantities of the theory depend only on two dimensionless parameters r s 0 ϵe 2 ͱm͉͉/⑀ 0 and ratio T/ F . For r s 0 Ӷ1, the electron screening becomes strong, the effects of interaction become small ͑formally, this corresponds to e→0), and the RPA is known to become most accurate. In this limit r s 0 Ϸr s , where r s ϵme 2 /⑀ 0 ͱn is the conventional density parameter for a 2D electron gas, and nϭ2͐n(p)d 2 p/(2) 2 is the electron density. In the numerical integrations in Eqs. ͑4͒, ͑7͒, ͑9͒, and ͑10͒, the integration over the momentum variables has been truncated at some maximum momentum p max that is ͑de-pending on the r s 0 ) from six to ten times the Fermi momentum defined as p F ϭͱ2m F . The frequency ͑energy͒ integrations have been carried out within the region ͉͉Ͻ p max 2 /m. We have run the iterative procedure described above until the self-energy ⌺ r (p,) has converged ͑uniformly in p and ) within р1% mismatch. In the case of finite temperatures, the solution procedure requires typically ten iterations. The iterations diverge for r s Ͼ2.62, 2.13, and 2.03 for temperatures Tϭ0, 0.3 F , and 0.6 F , correspondingly. This divergence reflects the fact that the RPA does not adequately describe electron systems at low densities where short-range exchange-correlation and vertex-renormalization effects become important. Close to the region of divergence, the convergence becomes slow, and we have had to increase the number of iterations to 25 to produce the required accuracy of ⌺ r . The numerical procedure ͑discretization, integration methods, numerical precision, etc.͒ is described in more detail in Ref. 13 As the initial ⌺ r (p,), we have used either the result of the Tϭ0 case, 13 or the result of a previous run with a different value of r s . In the region of convergence, there has been no appreciable dependence of the final results on the initial value of ⌺ r (p,). We have found that the electron density at a given chemical potential n() very weekly depends on temperature, practically coinciding with the Tϭ0 case of Ref. 13 .
An example of the momentum distribution of electrons n p for r s ϭ1 calculated from Eq. ͑10͒ for three different temperatures is given in Fig. 1 . As expected, the dependence n p has a discontinuity at the Fermi momentum for Tϭ0 and is smooth for finite temperatures.
The quasiparticle energy is found as a solution of the equation
We have found that for converged iterations, this equation has a unique solution for a given momentum in the whole region of convergence. This energy E p for r s ϭ1 is shown in Fig. 2 then the quasiparticle picture of this interacting Fermi system would not be adequate. This relaxation constant computed from Eq. ͑8͒ is displayed in Fig. 3 . As we see, ⌫ increases with temperature, which is obvious, and also increases with r s , i.e., for decreased electron density. Importantly, ⌫ is much smaller than the Fermi energy for temperatures under consideration, implying that quasiparticles are well defined in the whole region of the iteration convergence. Obviously, for Tϭ0, ⌫ vanishes and quasipatrtcles at Fermi surface live infinitely long.
The maximum information on one-electron quantities is contained in the spectral function of the system, 14 A͑p, ͒ϭϪ2 Im G r ͑ p, ͒. ͑12͒
This spectral function satisfies a sum rule ͐d/2A(p,) ϭ1, which is a nontrivial condition that we have used to check the numerical accuracy of our results. Conforming to our requirements, it has been satisfied with an error not exceeding 1%. The spectral function A(p,) is plotted in Fig. 4 against frequency for different values of momentum p and temperature T at r s ϭ1. As we can see, this quantity at a given p has a sharp peak at a quasiparticle energy E p ͑measured from the chemical potential͒. Positions of the peaks for spectral functions vary noticeably with temperature in accord with the temperature variations of the one-particle dispersion curves ͑cf. Fig. 2͒ .
There has been an important discussion regarding the longitudinal f-sum rule and its relation to the local conservation laws for Green's functions. [15] [16] [17] This sum rule is formulated for the renormalized Coulomb line W(p,) that is a building block of the theory, see Eq. ͑5͒. It has been shown 12 that SC RPA ͑called a shielded approximation in Ref. 12͒ is a conserving theory where the local conservation laws ͑for current, momentum, etc.͒ are satisfied. However, it is known that W(p,) in SC RPA does not fulfill the f-sum rule. It has been argued 16 that adding Coulomb lines inside the polarization operator would significantly improve the agreement with the f-sum rule. However, such a modification brings about violation of the local conservation laws 17 and, therefore, is unacceptable for a theory directed at the description of the initial state for quantum kinetics problems, which is our goal. The cause of this violation is that the theory of Ref. 16 is incompatible with the general method of constructing conserving theories by Baym and Kadanoff. 12 An approach to this general problem is given in Ref. 12. In the framework of this approach, the Green's functions are obtained in a conserving theory ͑SC RPA, in particular͒. After that, a modified Coulomb line W(p,) is calculated using these Green's functions by solving the Bethe-Salpeter equation. Such a quantity will satisfy exactly the f-sum rule. 12, 17 However, it is important to bear in mind that such a modified ͑''improved''͒ Coulomb line cannot be used as a building block for the next generation of self-consistent Green's functions, because the resulting theory would not fit the framework of Ref. 12 and, therefore, generally would not be conserving. 
FIG. 4. Normalized spectral function of the system F A(p,)
found in SC RPA plotted for 2D electron gas against relative frequency / F for the values of momentum p and temperature T indicated at r s ϭ1. Note the logarithmic scale.
In conclusion, we have found microscopic properties of a system of electrons with Coulomb interaction bound in two dimensions for different temperatures. This system models electrons in a quantum well in the ground subband. We have employed the self-consistent random-phase approximation ͑SC RPA͒ in the framework of the Kadanoff-Baym-Keldysh ͑KBK͒ Green's function method. In future, we plan to consider the laser induced ultrafast kinetics of electrons in quantum wells. In this context, the present paper is a necessary investigation where we have described the initial correlated state of the electron system to be considered kinetically at finite temperatures. Note that the previous investigations in quantum kinetics have not used such a microscopically found initial state. [1] [2] [3] [4] [5] [6] [7] We have employed the iterative method 13 to solve the stationary KBK equations in SC RPA that has allowed us to obtain solutions ͑Green's functions, self-energies, and renormalized potentials͒ for a definite predetermined temperature. From this data, we have computed a series of meaningful one-particle quantities. The electron one-particle spectra ͑Fig. 2͒ show a significant dependence on temperature. Most importantly, we have obtained the decay rate of quasiparticles at Fermi surface ⌫ ͑Fig. 3͒, and this rate is small with respect to the Fermi energy in the entire range of the convergence ͑existence of the self-consistent solution͒. Thus, the quasiparticles in the system are well defined at the Fermi surface in the full range of parameters considered (r s and T/ F ). Finally, we have computed the spectral function A(p,) ͑Fig. 4͒ that contains the maximum information on one-electron properties of the system and the thermodynamic internal energy.
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